The forest proportion
of a random even subgraph

A second-moment estimate for the edges away from a small marked set

KNT - Astra - Fable 5.2 Draft of 12 November 2026

An even subgraph of a graph is a set of edges that meets every vertex an even number of times.
Let I' be a connected graph of large rank 7 in which a small set P of vertices is marked and all
other vertices have degree three. We prove that, for a uniformly random even subgraph of T,
the edges without an end in P form a forest with probability at most

1,20
2 logloglogr’

The constant £ cannot be lowered. We call this bound the forest estimate. Astra and Fable 5.2 are
language models. Section 1.3 states the part of each author. The estimate has a formal proof in
Lean 4, and the Lean kernel has checked it.

The proof in five sentences

1. A cycle C away from P is a component of the random even subgraph & with probability at
least 27I€I and then the edges of £ away from P do not form a forest.

2. For two disjoint cycles, these two events are independent if the cycles have one link, and
their joint probability is twice the product if they have two links; a cycle has few disjoint
partners with three or more links.

3. If I' = P has many pairwise disjoint short cycles, the second moment of the number of these
events gives the estimate. So we may delete a small maximal family of short cycles, and a
graph | of girth more than % log ¥ remains.

4. A count of closed walks without backtracking, by the largest eigenvalue of the non-
backtracking matrix, shows that the cycles of | with between 6logr and logrvloglogr
edges have a total weight 1 = > 2711 of order logloglog r.

5. By the second sentence, a weighted number Z of the events for these cycles has EZ? <
2% + 2, and the Cauchy-Schwarz inequality gives P(Z = 0) < 3 + 1/(2u).
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1 The estimate

1.1 The result

Throughout, log is the binary logarithm, and log" is its j-fold iterate. A graph may have loops
and parallel edges. We say multigraph to stress this, and simple graph to exclude it. A loop adds
two to the degree of its vertex. A multigraph is subcubic if every vertex has degree at most three.

For a multigraph G, an even subgraph is a set of edges that meets every vertex an even number
of times, where a loop meets its vertex twice. With symmetric difference as addition, the even
subgraphs form a vector space Z(G) over [Fs. Its dimension is

B(G) = [E(G)| = [V(G)] + comp(G),

where comp(G) is the number of components. We call B(G) the rank of G; other names are
cyclomatic number and cycle rank. A cycle is a connected 2-regular subgraph. A loop is a
cycle of length one, and two parallel edges form a cycle of length two. We identify a subgraph
without isolated vertices with its edge set. Then a cycle is a nonzero element of Z(G), and a
forest is a set of edges that contains no cycle.

Let P be a set of vertices of G. We write G[P] for the induced subgraph and G—P for G[V(G)\P].
For an even subgraph &, the outside part of £ is £ N E(G — P), the set of its edges without an end
in P (Figure 1). We write q(G, P) for the proportion of the even subgraphs of G whose outside
part is a forest. So q(G, P) is the probability that the outside part of ¢ is a forest, when ¢ is a
uniformly random element of Z(G).

the outside part is a path the outside part is a triangle

Figure 1. A cubic graph, a set P of six vertices, and two even subgraphs, drawn thick. The edges with
an end in P are dashed. Left: a cycle that meets P. Its outside part is a path, so it is a forest. Right: the
union of two cycles. Its outside part is a triangle, so it is not a forest.

Theorem 1.1 (the forest estimate)

There is r such that the following holds for all » > ry. Let I be a connected subcubic
multigraph of rank r. Let P be a set of at most 2r/log? r vertices such that every vertex
outside P has degree three and I'[ P] has at most (log #)/100 components. Then

20
log(3) r

q(T,P) < % +

The proof gives no value for ro.
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Fine print. The constant % cannot be lowered. Let k > 2, and take the vertices a;, b;, c;, d; for i € Z/k with
the edges a;c;, a;d;, bic;, b;d;, ciaj+1 and d;b;1. This is a ring of k copies of K2 2. It is cubic, and its rank is
r = 2k + 1. Consider the cycles that contain exactly one of the edges c;a;11, d;b;y; for every i. There are 2k
choices for these edges, and then two paths through each copy of K2 2. So there are 22k = 271 of these cycles,
and each of them meets the set P = {ag, by, co, do}. The outside part of a cycle that meets P is a proper subset
of a cycle, hence a forest. So (T, P) > & for this graph I of rank 7.

The second form of the estimate has no condition on the degrees, and a subgraph is marked in
the place of a set of vertices. Let W be a subgraph of a graph G. For an even subgraph & of G
we call &\ E(W) its outside part with respect to W. Let p(G, W) be the probability that & \ E(W) is
a forest, for a uniformly random & € Z(G).

Corollary 1.2 (Simple graphs). There is g such that the following holds for all ¥ > rq. Let G
be a connected simple graph of rank 7. Let W C G be a nonempty union of cycles with at
most /log? r edges and at most (log r)/100 components. Then

20

1
W) < -+ ——.

Sections 2 to 4 prove Theorem 1.1, and Section 5 derives the corollary.

1.2 Outline of the proof

IDEA | the proof in three steps
1. If I' = P has many pairwise disjoint short cycles, the estimate follows from Lemma 2.4.
So we may delete a small maximal family of them, and a graph | of large girth remains.

2. The graph | has many cycles with between 6 log r and log 7 Vlog log r edges. Their total
weight Y- 27/ is at least (% —o0(1))Inloglog r (Lemma 3.3).

3. For such a cycle C, the event that C is a component of & has probability at least 27I¢I,
and then the outside part of & is not a forest. Most pairs of these events are correlated
by a factor of at most two (Lemma 2.2).

With the factor two of step 3, the second moment of a weighted number Z of these events
is at most 2u? + Ky, and Lemma 2.1 then gives P(Z = 0) < % + K/(4u).

The three hypotheses on P enter as follows. The vertices outside P have degree three. So a cycle
of I — P that is contained in & is a component of &, and | has about 2¢ closed walks without
backtracking of length ¢. The bound on |P| keeps the number of vertices of | of degree less
than three small against r/log 7, which Lemma 3.3 needs for cycles of length about log r. Each
component of I'[P] can give one more link between two cycles, and the bound on the number
of components keeps the number of links below & log 7 (Step 2 in the proof of Proposition 3.4).

1.3 Authorship and verification
KNT is a person. Astra and Fable 5.2 are the language models GPT-6 Astra and Claude Fa-
ble 5.2. KNT directed the work at each step. KNT obtained the forest estimate and its proof in
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September 2026 with Astra. Fable 5.2 wrote this text.

Theorem 1.1 and Corollary 1.2 have formal proofs in Lean 4. The statements are Erdos1016.
ShortProof .eventually _marked_forest_bound_logSquared and Erdos1016.ShortProof.
fewComponentForestEstimate_logSquared. In the first statement the rank is 2%, and the
bound is 1 + 20/loglog x for all sufficiently large real x. The Lean kernel accepts the proofs
with the axioms propext, Classical.choice and Quot.sound only. The files are in [3], at
commit 3a80aa9.

The formal proof has the steps of this paper. In one place its method is different: for the links of
two cycles, which is Step 2 in the proof of Proposition 3.4, it uses Lemma 2.4, and so it supposes
that (', P) > % The kernel check covers the two formal statements, and it does not cover the
text of this paper. No referee has read the text.

2 Cut events and links

NOTATION | regions and the random even subgraph
* For a set A of vertices of a multigraph G, 6A is the set of the edges with exactly one end in A.

* A region is a nonempty set A of vertices such that G[A] is connected. A region is cyclic if G[A]
contains a cycle.

e Throughout, ¢ is a uniformly random element of Z(G).

e For aregion A, the cut event Oy is the event £ N 6A = 0.

Lemma 2.1 (Second moment). Let Z > 0 be a random variable with y = EZ > 0 and EZ? <
2u% + Ku. Then P(Z = 0) < 5 + K/(4p).

Proof. By the Cauchy-Schwarz inequality pu? < EZ?IP(Z > 0),s0P(Z = 0) < 1-u/(2u+K) <
2+ K/(4p). [

Let A and B be disjoint regions of a connected multigraph G. A link between them is an edge
with one end in A and the other in B, or a component of G — (A U B) that is joined by an edge
to A and by an edge to B (Figure 2). Let £(A, B) be the number of links.

two links: the edge e and the component Y7

not a link

not a link

Figure 2. Links between two regions A and B. The edge e and the component Y; of G — (A U B) are links.
The components Y; and Y3 are joined to one region only, so they are not links. Here ¢(4, B) = 2.
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Lemma 2.2 (Link formula). Let A and B be disjoint regions of a connected multigraph G. Then
P(Oy) = gcomp(G-A)=[0A] > 9-10A] 3nd

P(Oa N Op) = 2" 4P~ P(O4) P(Op).

Conditionally on Oy, the set & N E(G[A]) is uniform on Z(G[A]). Conditionally on O4 N
Og, the sets & N E(G[A]) and & N E(G[B]) are independent and uniform on Z(G[A]) and
Z(G[B)).

Proof. The even subgraphs that avoid 0A are the sums of an even subgraph of G[A] and an
even subgraph of G — A. So P(0,4) = 2P(CIAD+H(G-A)=F(C) and a count of edges and vertices
shows that the exponent is comp(G — A) — [60A|. In the same way

P(O4 N Op) = 2BCIADBGIBI+BG-A-B)=(G) _ geomp(G-A-B)+1-|oA|-[0Bl +e(4,B)

where e(A, B) is the number of edges between A and B. Let a, b and k be the numbers of
components of G— A — B that are joined to A only, to B only, and to both. Then comp(G—A —
B)=a+b+k,comp(G—A)=a+1and comp(G — B) = b + 1. The formula follows, because
{(A,B) = k + e(A, B). The conditional laws are read off from the two decompositions as
direct sums. [

IDEA | the correlation of two cut events

By Lemma 2.2, two cut events are independent when the regions have one link, and their
joint probability is twice the product when the regions have two links. The constant 3 of
the forest estimate comes from this factor two, through Lemma 2.1.

Pairs with three or more links are rare:

Lemma 2.3 (Exceptional partners). Let A be a region of a connected multigraph G, and let
By, ..., Bk be pairwise disjoint regions, disjoint from A, with ¢(A, B;) > 3 for all i. Then
k < |6A].

Proof. Contract A to a vertex a and each B; to a vertex b;, and delete the loops that arise.
This changes neither d = [0A| nor the numbers £(A, B;), because the sets B; with j # i are
connected and are contracted inside components of G — (A U B;). Let F be a spanning forest
of G — a, and for every edge e = au at a attach a new leaf 7, to u. Call the resulting forest
F* and its d new leaves terminals.

Fix i. Every link between a and b; yields a path of F* from b; to a terminal. For an edge
e = ab; it is the edge b;7.. For a component Y of G — {a, b;} joined to both, choose an edge
e = au with u € Y and take the path of F* from b; to 7.; after its first vertex it stays in
Y U {7.}. Paths that come from different links start with different edges at b;, and the union
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of any two of them is a path between two terminals. Let F° € F* be the union of all paths
between terminals. As ¢(a, b;) > 3, the vertex b; has degree at least 3 in F°. All leaves of F°
are terminals, and a forest with at most d leaves has at most d — 2 vertices of degree at least
3. Hencek <d-2ifk > 1. ]

Lemma 2.4 (Many small cuts). Let Ay, ..., A be pairwise disjoint cyclic regions of a connected
multigraph G with [0A;| < d for all i. Then

-1
IP(& N E(G[A;]) is a forest for every i) < % + %

Proof. Let E; be the event that O4, holds and ENE(G[A;]) # 0. OnE; theset ENE(G[A;])isa
nonempty even subgraph, hence not a forest. So it suffices to bound P(Z = 0) for Z = }; 1f,.
By Lemma 2.2, p; := P(E;) = P(Og4,)(1 — 27FC1AD) > 274~1 and IP(E; N E;) = 284140 1pp;
fori # j. If {(A;, Aj) < 2, this is at most 2p;p;. Otherwise we use P(E; N E;) < p;; by
Lemma 2.3 this happens for at most d indices j, for each i. Hence EZ? < u + 2u? + du with
p=EZ > k2771, and Lemma 2.1 gives the claim. [

3 Cycles of moderate length in a graph of large girth

IDEA | the content of this section

Delete few vertices from I' such that a simple graph | of girth more than D remains. Al-
most all vertices of | have degree three. So | has about 2¢ closed walks without backtrack-
ing of each even length ¢, and for moderate ¢ most of these walks go once around a cycle.
Hence the cycles C of ] with {; < |C| < L have a total weight Y~ 27! of about Y, 1/(2¢),
which is about % In(L/{y) (Lemma 3.3). Proposition 3.4 then bounds the second moment
of the number of these cycles that are components of &, counted with weights.

NOTATION | the setting of this section

* I'isaconnected subcubic multigraph, and U is a set of its vertices such that every vertex outside
U has degree 3.

* | =T'-Uisasimple graph of girth greater than D, where D > 3isaninteger,and s = [(D-1)/2].
The girth is the length of a shortest cycle.

e L > lisaninteger, and C is the set of the cycles of | of length at most L.

* v is the number of vertices of |, and d; = 3.,cy(;)(3 — degj u) is its deficit. This is the number of
edges between V(J) and U, so dj < 3|U|.

3.1 Walks without backtracking

A walk ugu; - - - uy is non-backtracking if u; 1 # u;—; for 0 < i < {. Let Ny(u, w) be the number of
non-backtracking walks of length ¢ from u to w in J.



The forest proportion of a random even subgraph 7

Lemma 3.1 (Walks without backtracking). If ¢ > s, then Ny(u,w) < 3 - 2¢=5~1 for all u, w. Conse-
quently, for every vertex w of |,

Z el = pore, (3.1)

CeC, Cow

Proof. There are at most 3 - 27571 ways to choose the first £ — s steps. The last s steps form
a non-backtracking walk of length s between two given vertices. Such a walk is a path,
because s is less than the girth. There is at most one such path, because two of them would
give a cycle of length at most 2s < D. For the second statement, a cycle of length ¢ through
w can be traversed from w in two directions. So there are at most %Ng(w, w) of them, and
¢ > D > s. Hence the cycles of each length ¢ < L contribute at most 3 275. [

Let B be the non-backtracking matrix of J. Its rows and columns are indexed by the directed
edges (i — j) of ], two for each edge. The entry in row (i — j) and column (j* — k)is 1if j’ = j
and k # i, and it is 0 otherwise.

Lemma 3.2 (Closed walks). Suppose that d; < v. Then, for every even ¢ > 2,

trB! > (2-dj/v)" - 30242

Proof. Let A be the adjacency matrix of | and A the diagonal matrix of its degrees, and put
MA)=A2I-AA+A-1.

(1) If M(A)g = O forareal A > 1 and a vector § # 0, then A is an eigenvalue of B. A direct
computation shows that f(i — j) = Ag(j) — g(7) satisfies Bf = Af. And f = 0 would give
¢(i) = Ag(j) = A%g(i) along every edge, hence ¢ = 0; at an isolated vertex, the equation
M(A)g =0is (A% — 1)g = 0.

() IfBf = Af with f # 0and A* # 1, then M(A)g = 0 for g(j) = Xy.; f(j — k), and g # 0.
The eigenvalue equation at (i — j)and at (j — i) reads Af(i — j) = g(j) — f(j — i) and
Af(j — i) = g(i)— f(i — j). Eliminating f(j — i) gives (A2 —1)f(i — j) = Ag(j) — g(i). This
shows that ¢ # 0. Summing it over the neighbours j of i gives M(A)g = 0.

(3) B has a real eigenvalue Ay > 2 — dj/v. The matrix M(2) = 2(A — A) + (3] — A) is positive
semidefinite, while 1"M(A)1 = (A — 1)(vA — 2v + dj) vanishes at A* = 2 — dj/v > 1. The
smallest eigenvalue of the symmetric matrix M(A) is continuous in A, at most 0 at A* and at
least 0 at 2. So M(A,) is singular for some A; € [A*, 2], and (1) applies.

(4) Every non-real eigenvalue A of B satisfies |A| < V2. With gasin (2), g'M(A)g = 0is a
quadratic equation aA? — bA + ¢’ = 0 with real coefficients 2 = ¢g*¢ > 0, b = ¢*Ag and
¢’ =¢'(A-1)g < 2a.Ttsrootsare A and A, so |A|? = ¢’/a < 2.

Now tr B is the sum of the £th powers of the 2|E(J)| < 3v eigenvalues of B. For even ¢ the
real eigenvalues contribute nonnegative terms, one of which is at least (2 — d;/ v)!, and the
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non-real ones contribute at least —3v 2¢/2 in total. ]

Facts (2) and (4) are part of the Ihara—Bass theory [1, 2]. With the test vector 1in (3) the argument
needs no assumption of regularity or expansion.

Lemma 3.3 (Cycle weight). Suppose that d; < v, and let {5 < L be a positive integer. The total
weight i := ¥ ccc 27IC1 satisfies

Ld 1
(1+3r22)p 2 (1- L -30202) 3 =,
¢

where the sum is over the even ¢ with {; < { < L.

Proof. tr B! is the number of closed walks wugu; ---up = ug in J with u;y; # ui_; for all i
modulo ¢. A cycle of length ¢ gives 2¢ of them; let 1, be the number of the others. Then

tr B! ny
T := —u+ Yy —4.
Z 202t H Z 20 92!
<L <L

Consider a walk counted by 7y, and let j be the least index with uj € {ug, ..., uj_l}, say uj =
u;. Then j < ¢, the walk C = u;u;41---u; is a cycle, of length g say, and Ujldjyy -« Ugly -+~ Uj
is a non-backtracking closed walk of length ¢ — g > 0 from u; to itself. It contains a cycle, so
¢ — g > D > s. The original walk is determined by C, by the vertex #; and a direction on C
(29 choices), by the complementary walk (at most 3 - 2=975~1 choices, by Lemma 3.1), and
by the position of 1 on the latter (at most ¢ choices). Hence

PP D Y I TSP AL TEE A

(<L (<L CeC
and T < (1 + 2L227%)p. On the other hand, all terms of T are nonnegative. For even { with
lp < { <L, Lemma 3.2 gives

dyy\¢ Ld
2l trB! > (1—%) 30270 > 1- L - 302, m

3.2 The events and their second moment

Let & be uniform on Z(I'). For C € C let I¢ be the event that C is a component of £. As the
vertices of C have degree 3 in T, this is the event E(C) C &. It is also the event that Oy(c) holds
and E N E(T'[V(C)]) = E(C). Put

ac =271 “PUlo), Xe=21,. z=Y X
c pc = P(c) c = 5o b Z c

Because of the factor ac/pc, the mean of Xc¢ is the combinatorial weight ac for every value of
pc. The event Ic is given by |C| linear conditions on & € Z(T'), which are satisfied by & = C. So
pc = ac. Hence 0 < Xc < 1,and EZ = u. If Z # 0, then & contains a cycle of J.
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Let C # C’ be in C. If they share a vertex, then Ic N Ic; = 0. If they are disjoint, Lemma 2.2,
applied to the regions V(C) and V(C’) of T, gives P(Ic N Ic/) = 2/CC)~1pcpes and therefore

E(XcXcr) = acac 24071, (3.2)

where {(C, C’) is the number of links between V(C) and V(C’) in . Let W5 be the sum of acac
over the ordered pairs of disjoint cycles of C with exactly two links. Then Wy < p?.

3.3 Graphs of logarithmic girth

Proposition 3.4 (Logarithmic girth). There is 5 such that the following holds for all 7 > r,, with
x =logr,y = logx and = r~/%0, Let T be a connected subcubic multigraph of rank r,
and let P be a set of vertices as in Theorem 1.1, with g(I', P) > 2 Let D and L be integers
with x/16 < D < x/8and 7x < L < x4/y. Let S be the union of the vertex sets of a
maximal family of pairwise disjoint cycles of length at most D in I' — P, and suppose that
|S| < r/x%. Then] = T — (P U S) is a simple graph of girth greater than D. So I and

U = P US are as in this section, and
(i) L?27% <1, so that the left side of (3.1) is at most /L for every vertex w of J;
. L 1
(ll) [J > ilna—ﬁ;
(iii) EZ2 < p? + Wa + (1 + 1) u.

two paths between the same two arcs:
a cycle with fewer than D edges

a link that is an edge

° T ° a link that is a tree

Figure 3. Step 2 in the proof of Proposition 3.4. Each cycle is divided into arcs with at most | D /8 vertices.
Alink that is an edge or a tree gives a path with at most t edges from C to C’. Two of these paths between
the same arc of C and the same arc of C’ would close a cycle of ] with fewer than D edges.

Proof. All estimates below hold for large 7, uniformly in the other data. The family contains
the loops and the pairs of parallel edges of I — P, because these are cycles of length at most
two. By its maximality, ] = I' — U is a simple graph of girth greater than D. We have
s > (D-2)/2 > x/32 1,50 L?27° < 2x?yr~1/32 < . With (3.1) this is (i). Recall that

|P| < 2r/x? and that the number ¢ of components of I'[P] is at most x/100.

Step 1: components with a cycle. Let A and B be disjoint regions of I', and let t > 0 be an
integer. We claim that at most 5 - 2! components Y of I' — (A U B) have all of the following
properties: Y has an edge to A and an edge to B; Y avoids P; Y contains a cycle; |[0Y| < t.
Let Yo, Y1, ..., Yy be such components. For 1 < i < j < n the graph I' - Y; - Y] is connected.
Indeed, it contains the connected set A U B U Yj, and every other component of I' — (A U B)
is connected and has an edge to A U B. No edge joins Y; and Y;. So the regions Y; and
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Y; have exactly one link. Let E; be the event that Oy; holds and & N E(I'Y;]) is not empty.
By Lemma 2.2, the events E; and E; are independent, and IP(E;) > 2t % If n =0, the
bound holds. Otherwise let N be the number of the events Ej, ..., E, that occur, and put
v = EN > n27%! > 0. Then EN? < v? + v, and the Cauchy-Schwarz inequality gives
P(N =0) <1-v?/EN? < 1/(1+v). If EnE(I — P) is a forest, then no E; occurs, because Y;
avoids P and a nonempty even subgraph is not a forest. So % <q(,P) <1/(1+v). Hence
v < 3andn <3-2f, and there are at most 3 - 2/ + 1 < 5 - 2 such components.

Step 2: the links of two cycles. Putt = [y/2]; then1 <t < D/4. Let C, C’ € C be disjoint, and
putU’ = V(C)U V(C’). Every vertex of U’ lies on exactly one edge outside its own cycle, so
at most 2L edges leave U’. At most c components of I' — U’ meet P, because P N U’ = @ and
so each component of I'[P] lies in one of them. At most 2L/(t + 1) components have more
than t edges to U’. Of the other components that are joined to both cycles, at most 5 - 2!
contain a cycle, by Step 1 with A = V(C) and B = V(C’). The remaining components that
are joined to both cycles induce trees, avoid P and have at most t edges to U’. They also
avoid S: each cycle of the family is disjoint from U’, so it lies in one component of I' — U’,
and this component contains a cycle.

Let Y be one of the remaining components, with dy < t edges to U’. All its vertices have
degree 3,50 3|Y| = 2(|Y|-1)+dy, thatis, |Y| = dy —2. So there is a path from C to C’ through
Y with at most t edges (Figure 3). For a link that is an edge, take this edge as the path. These
paths lie in J. They are pairwise disjoint, because every vertex of U’ lies on exactly one edge
outside its own cycle. Divide each of C and C” into arcs of at most | D /8] consecutive vertices.
At most 17L/D arcs are necessary for each cycle, because |[D/8| > D/16 and L > D. If two
of the paths had their ends in the same arc of C and in the same arc of C’, they would form,
together with parts of these two arcs, a cycle of | of length at most 2t + 2| D /8] < D. So
there are at most (17L/D)? such paths. Together,

L X 4x

, o1 t 2
UC,C) < bimct—=+5-2 +289(—) < 24

X
+5VX+280- 256y < .
Ft D 100 Vx y=

90

Step 3: the second moment. Call a disjoint pair C,C" € C exceptional if {(C,C’) > 3. Fix C,
and let & be a maximal family of pairwise disjoint exceptional partners of C. By Lemma 2.3,
|E] < |6V(C)| < L. So the union of their vertex sets has at most L? vertices, and every
exceptional partner of C meets this union. By (3.1), the sum of ac: over the exceptional
partners C’ of C is at most L327%. With (3.2) and Step 2,

Z E(XcXcr) < ac2PL327° < ac 2"/90_"/32“(3(\/?)3 < acn.

C’ exceptional

By (3.2), a disjoint pair with at most one link has E(XcXc/) < acacr, and a pair with two
links has E(XcXc’) = 2acac. Intersecting pairs contribute nothing, and ]EX?j <EXc =ac.
The sum over all ordered pairs is (iii).

Step 4: the weight. A count of edge ends gives 3|V (I')| — 3|P| < 2|E(T)| < 3|V(I')|, and |[E(T)| =
[V(I)|+7r—1.S02r—2 < |V(I')| £ 2r — 2+ 3|P|. Hence the number v of vertices of | satisfies
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r <ov < 3r,and dj < 3(|P| + |S]) < 9r/x?. By Lemma 3.3 with ¢ = [6x],
50y 9 1
3 -7 _Z E _
(L+gn)p 2 (1 x r2) - 207

where the sum is over the even ¢ with 6x < ¢ < L. This sum is at least i In(L/(6x +2)) >
% In(L/(6x)) —1/(12x), and it is at most In y. This gives (ii). [

4 Proof of Theorem 1.1
Let I' and P be as in the theorem, let £ be uniform on Z(I'), and let r be large. Put

x =logr, y =logx, z =logy, D = |x/10], L= |x+yl, e=20/z.

Let ¥ be the event that £ N E(I' — P) is a forest. We assume that P(¥) > % + ¢ and derive a
contradiction.

Few short cycles. Let Q be a maximal family of pairwise disjoint cycles of I' — P of length at most
D, and let S be the union of their vertex sets. For Q € Q the set V(Q) is a cyclic region of I with
[6V(Q)| < |Q| < D, because its vertices have degree 3. On ¥ the set £ N E(I'[V(Q)]) is a forest
for every Q. So Lemma 2.4 gives |Q| < (D + 1)2P~1/¢ < +/r. Hence |S| < Dvr < r/x2.

The cycles of moderate length. Now Proposition 3.4 applies, with the variable Z of Section 3.2 for
U=PUS. AsL/(6x) > \[y/7and W, < p?, it gives

1
yzllnﬂ—i>n—y EZ? < 2u*+2pu.

4 7 Vx 10 !
On ¥ no cycle of ] CI' — P is contained in &, so Z = 0. By Lemma 2.1,

1 1 1 5 1 20
P <PZ=0) < -4+— < —+—
F) < B 0)_2+2y_2+1ny<2 z’

since In y = zIn 2. This is a contradiction, and Theorem 1.1 is proved. [ ]

5 Simple graphs

We prove Corollary 1.2. Let G and W be as in the corollary, with m = |E(W)| and ¢ = comp(W).
We construct a multigraph I' and a set P as in Theorem 1.1, with p(G, W) < g(I', P). The con-
struction has two steps (Figure 4).

vl is putinto P

new path edges

Figure 4. Splitting a vertex v of degree five that lies on two edges of W. The edges of W come first, so
they end at v
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splitting. Replace every vertex v of degree d > 4 by a path v'v?--- 092, Distribute the d edges
at v along this path in some order: two to v!, one to each of v2,...,v973, and two to v¥=2. If
v € V(W), let the edges of W at v come first in this order, so that they end in an initial segment
v!,...,v" of the path with i < degy (v). Let G’ be the new graph; its degrees are at most
3. Let P consist of these initial segments and of the vertices of W that were not split. Then
|P| < 3, degw(v) = 2m, every edge of W joins two vertices of P, and G’[P] has at most ¢

components.

Contracting the new path edges maps Z(G’) bijectively onto Z(G). So a uniform even subgraph
& of G’ gives the uniform even subgraph & = &’ N E(G) of G. Every edge of G’ — P is a new
path edge or an edge of E(G) \ E(W). If £ \ E(W) is a forest, then so is its union with the set of
all new path edges, because contracting these edges, which form a forest, gives back & \ E(W).
Hence p(G, W) < q(G’, P).

Cleaning. As long as possible, delete a vertex of degree one outside P, or replace a vertex of
degree two outside P and its two edges by a single edge. An even subgraph avoids a pendant
edge and contains both or none of the two edges at a vertex of degree two. So these operations
induce bijections of the spaces of even subgraphs. Let I be the final multigraph. Each edge of
I' — P is a path of G’ all of whose vertices lie outside P. So if an even subgraph of I' contains a
cycle of I' — P, then the corresponding even subgraph of G’ contains a cycle of G’ — P. Hence
9(G,P) < q(T, P).

The estimate. The multigraph I' is connected and subcubic, and it has rank r. Edges with both
ends in P are never removed, so the number of components of the graph induced on P does
not increase. The vertices outside P now have degree exactly 3. As |P| < 2m < 2r/ log? r and
¢ < (log)/100, Theorem 1.1 gives p(G, W) < q(I,P) < 3 + 20/1og"® r. ]
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